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Abstract. We propose a natural extension of the BRST–antiBRST superfield covariant scheme in general
coordinates. Thus, the coordinate dependence of the basic tensor fields and scalar density of the formalism
is extended from the base supermanifold to the complete set of superfield variables.

1 Introduction

The principle of extended BRST symmetry applied to gen-
eral gauge theories has resulted in various schemes of co-
variant quantization [1–3]. It turns out that these schemes
can be combined within the formalism [4–6] which realizes
the modified triplectic algebra [3] in general coordinates.
The differential operators ∆a, V a, Ua that form this alge-
bra are constructed [6] in terms of a non-degenerate anti-
symmetric tensor ωij , a symmetric tensor gij and a scalar
density ρ, defined on a supermanifold with a symmetric
connection (Christoffel symbols). In Darboux coordinates,
this supermanifold (base supermanifold) is parameterized
by the fields and antifields

(
φA, φ̄A

)
used in the quanti-

zation schemes [1–3]. It proves possible to fulfill the rela-
tions of the modified triplectic algebra in case the tensor
field ωij endows the base supermanifold with a symplectic
structure respected by the symmetric connection (covari-
ant derivative). In this sense, the base supermanifold can
be regarded as a Fedosov supermanifold [6], which gener-
alizes the notion of Fedosov manifolds [7]. The properties
of such supermanifolds have recently been studied in [8].

In the original work [4] on the modified triplectic quan-
tization in general coordinates, the authors raised the prob-
lem of a superfield description of their formalism. This task
calls for an extension of the geometric contents of [4–6] to
the complete set of variables of [1–3], which can be re-
garded as superfield components in a superspace with a
pair of anticommuting coordinates [9]. At present, two dif-
ferent approaches [10, 11] to the mentioned problem have
been proposed. In [10], a superfield description of ∆a, V a,
Ua is suggested, using a covariant differentiation in terms of
superfield variables. This formalism leaves intact the basic
ingredients of [4–6] as functions on the base supermanifold
(accordingly interpreted as a Fedosov supermanifold). On
the contrary, in [11] it is proposed to extend the structure
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of a Fedosov supermanifold to the superfield case. It turns
out, however, that the resulting Christoffel symbols [11]
cannot be regarded as connection coefficients having the
correct properties under coordinate transformations. Thus,
the approach [11] faces difficulties.

In this respect, the aim of the present work is to exam-
ine an alternative extension of the superfield approach [10].
Namely, we consider extended counterparts of the objects
ωij , gij , ρ, defined on the complete supermanifold of vari-
ables [1–3], and realize the operators subject to themodified
triplectic algebra in terms of such functions. In the limit
when the coordinate dependence of the mentioned func-
tions is restricted to the base supermanifold, one recovers
the structure of a Fedosov supermanifold, and the present
quantization scheme reduces to that of [10].

2 Basic objects

In this section, we recall the basic ingredients of [10],
namely, the notion of a base supermanifold, the related
construction of a triplectic supermanifold, and its super-
field formulation. In particular, we recall the basics of ten-
sor analysis on supermanifolds (for details, see the mono-
graph [12] and papers [6, 8]). We use DeWitt’s condensed
notation [13] and designations adopted in [10]. Left-hand
derivatives are denoted by ∂iA = ∂A/∂xi, and right-hand
derivatives are labeled by the subscript “r”, with the corre-
sponding notation A,i = ∂rA/∂xi. We assume that covari-
ant derivatives, ∇, and other operators defined on tensor
fields act from the right: A∇; besides, when necessary, the
action of an operator from the right is indicated by an ar-
row:

←−∇ . The Grassmann parity of a quantity A is denoted
by ε(A).
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2.1 Triplectic supermanifold

Let us consider a supermanifold M , dimM = N = 2n, with
local coordinates (xi), ε(xi) = εi. We now extend M to
a supermanifoldM, dimM = 3N , with local coordinates
(xi, θi

a), where the additional coordinates θi
a are combined

into Sp(2)-doublets (labeled by the index a = 1, 2) and
possess the Grassmann parity, ε(θi

a) = εi + 1, opposite to
that of xi. We demand that the coordinates θi

a transform as
vectors under a change of coordinates on the supermanifold
M , indeed,1

x̄i = x̄i(x), θ̄i
a = θj

a

∂x̄i

∂xj
.

On the supermanifoldM, one defines a tensor field of
type (n, m) and rank n + m as an object which in any
local coordinate system (x, θ) is given by a set of functions
T i1...in

j1...jm
(x, θ) , with Grassmann parity ε(T i1...in

j1...jm
)

= ε(T )+εi1 +. . .+εin
+εj1 +. . .+εjm

, that transform under
a change of coordinates (x, θ) → (x̄, θ̄) as a tensor field,
of the same rank and type, defined on the supermanifold
M , namely,

T̄ i1...in
j1...jm

= T l1...ln
k1...km

∂rx
km

∂x̄jm
. . .

∂rx
k1

∂x̄j1

∂x̄in

∂xln
. . .

∂x̄i1

∂xl1

×(−1)

(
m−1∑
s=1

m∑
p=s+1

εjp (εjs+εks )+
n∑

s=1

m∑
p=1

εjp (εis+εls )

+
n−1∑
s=1

n∑
p=s+1

εip (εis+εls )

)
.

Accordingly, a covariant derivative onM is defined as

an operation
M
∇i that maps a tensor field of type (n, m)

into a tensor field of type (n, m + 1) and reduces to the
usual derivative ∂r/∂xi in a local Cartesian system on M .

Explicitly, the operation
M
∇i has the form of a θ-extension

of the covariant derivative
M

∇i on the supermanifold M ,

M←−∇i =
M←−∇i −

←−
∂

∂θk
a

θm
a

M

Γ k
mi(−1)εm(εk+1). (1)

where
M

∇i maps a tensor field T i1...in
j1...jm

(x) of type (n, m)
into a tensor field of type (n, m + 1) according to

T i1...in
j1...jm

M

∇k = T i1...in

j1...jm,k (2)

+
n∑

r=1

T i1...l...jn

j1...jm

M

Γ ir

lk(−1)
(εir +εl)

(
εl+

n∑
p=r+1

εip+
m∑

p=1
εjp

)

1 In [4–6], the supermanifold M is parameterized by co-
ordinates (xi, θia), where θia transform as covectors, namely,
θ̄ia = θja

∂rxj

∂x̄i . Instead, in the paper [10] the parameterization
(xi, θi

a) is used, since it is more convenient for a superfield
formulation (see Sect. 2.2).

−
m∑

s=1

T i1...in

j1...l...jm

M

Γ l
jsk(−1)

(εjs+εl)
m∑

p=s+1
εjp

.

In (1) and (2), the functions
M

Γ k
ij(x) are generalized Chri-

stoffel symbols (connection coefficients), having the trans-
formation law
M

Γ̄ k
ij

= (−1)εj(εm+εi) ∂rx̄
k

∂xl

M

Γ l
mn

∂rx
n

∂x̄j

∂rx
m

∂x̄i
+

∂rx̄
k

∂xm

∂2
rxm

∂x̄i∂x̄j
.

In case a local Cartesian system on M does exist, the

connection coefficients
M

Γ k
ij(x) possess the property of

(generalized) symmetry:

M

Γ k
ij = (−1)εiεj

M

Γ k
ji .

With this in mind, the consideration will be restricted
to symmetric connections.

Since xi and θi
a are independent coordinates, the ex-

pressions (1) and (2) imply that the vectors θi
a are covari-

antly constant:

θi
a

M
∇j = 0. (3)

From (1) and (3), it follows that a (generalized) commutator

[
M
∇i,

M
∇j ] =

M
∇i

M
∇j − (−1)εiεj

M
∇j

M
∇i, acting on a scalar field

T (x, θ), can be written as

T [
M
∇i,

M
∇j ] = (−1)εm(εn+1) ∂rT

∂θn
a

θm
a

M

R n
mij , (4)

where
M

R i
mjk(x) is a curvature tensor on the supermanifold

M , defined by the action of a commutator of covariant

derivatives
M

∇i on a vector field T i (x) according to

T i[
M

∇j ,
M

∇k] = −(−1)εm(εi+1)Tm
M

R i
mjk .

The curvature tensor has the explicit form

M

R i
mjk = −

M

Γ i
mj,k +

M

Γ i
mk,j(−1)εjεk

+
M

Γ i
jl

M

Γ l
mk(−1)εjεm

−
M

Γ i
kl

M

Γ l
mj(−1)εk(εm+εj), (5)

and obeys a property of (generalized) antisymmetry and
a (super) Jacobi identity:

M

R i
mjk = −(−1)εjεk

M

R i
mkj ,

(−1)εjεl
M

R i
jkl + cycle (j, k, l) ≡ 0.

In what follows, we call M andM the base and triplec-

tic supermanifolds, respectively, and refer to
M
∇i as the

triplectic covariant derivative.
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2.2 Superfield description

The complete set of variables arising in various quantization
schemes [1–3] based on extended BRST symmetry can be
presented as (φA, φ̄A; πA

a , φ∗
Aa; λA, JA) = (xi, θi

a, yi), i =
1, 2, . . ., N = 2n, ε(xi) = ε(yi) = εi, ε(θi

a) = εi + 1. This
set consists of the field–antifield variables (φA, φ̄A, φ∗

Aa),
Lagrange multipliers (πA

a , λA), and sources JA to the fields.
In the superfield formulation [9] of extended BRST sym-
metry, the variables (xi, θi

a, yi) are regarded as components
of superfields zi(η) in a superspace with Grassmann coor-
dinates ηa,

zi(η) = x
i + ηaθi

a + η2yi, η2 ≡ 1
2

ηaηa ,

where raising the Sp(2)-indices is performed with the help
of the antisymmetric second-rank tensor εab: ηa = εabηb,
εacεcb = δa

b .
Let us identify the components (xi, θi

a, yi) with local
coordinates on a supermanifold N , dim N = 4N , where
the submanifold with coordinates (xi, θi

a) is chosen as a
triplectic supermanifold. At the same time, we define the
transformations of the additional coordinates yi, that ac-
company the transformations (x, θ)→ (x̄, θ̄), to be trivial:

x̄i = x̄i(x), θ̄i
a = θj

a

∂x̄i

∂xj
, ȳi = yi. (6)

By analogy with the triplectic supermanifold M, a
tensor field of type (n, m) and rank n + m on the su-
permanifold N is defined as an object which in any local
coordinate system (x, θ, y) is given by a set of functions
T i1...in

j1...jm
(x, θ, y) ≡ T i1...in

j1...jm
(z) that transform as a

tensor field on the base supermanifold M . With this in
mind, one can define on N a superfield extension Di (η)

of the triplectic covariant derivative
M
∇i. Namely, one in-

troduces Di (η) as an operation that maps a tensor field
of type (n, m) into a tensor field of type (n, m + 1) and
reduces in a local Cartesian system on M to the superfield
derivative2

←−
∂

∂zi(η)
=
←−
∂

∂xi
η2 +

←−
∂

∂θi
a

ηa ,

defined with respect to variations δzi(η) = δxi + ηaδθi
a

induced by (x, θ, y) → (x̄, θ̄, ȳ). The derivative Di (η) has
the explicit form

←−D i(η) =
M←−∇i η2 +

←−
∂

∂θi
a

ηa , (7)

where each termof the η-expansion transforms as a covector
with respect to (x, θ, y)→ (x̄, θ̄, ȳ).

Using Di (η), one can rewrite the equalities (3) and (4)
in the form

∂zi

∂ηa′Dj (η′′) = δi
jη

′′
a , (8)

2 As usual, we assume that δT (z) =
∫

d2η ∂rT
∂zi(η) δzi(η) and

∫
d2η =

∫
d2η ηa = 0,

∫
d2η ηaηb = εab.

T [Di(η′),Dj(η′′)] (9)

= (−1)εm(εn+1)(η′)2 (η′′)2
∂r (TDn)

∂η′
a

∂zm

∂η′′a
M

R n
mij ,

where T (z) is a scalar field, and
M

R n
mij (x) is the curva-

ture tensor (5).

3 Extended superfield realization
of (modified) triplectic algebra

In this section, we shall apply the above ingredients in order
to construct an extended realization of the triplectic and
modified triplectic algebras [2, 3]. To this end, we recall
that the triplectic algebra [2] is formed by two doublets of
first- and second-order operators,

←−
V a and

←−
∆a, respectively,

having the Grassmann parity ε(V a) = ε(∆a) = 1 and
obeying the relations

∆{a∆b} = 0, V {aV b} = 0,

V a∆b + ∆bV a = 0, (10)

whereas the modified triplectic algebra [3] involves an ad-
ditional doublet of first-order operators

←−
U a, ε(Ua) = 1,

and has the form

∆{a∆b} = 0, V {aV b} = 0, U{aU b} = 0,

V {a∆b} + ∆{bV a} = 0, ∆{aU b} + U{a∆b} = 0,

U{aV b} + V {aU b} = 0. (11)

In (10) and (11), the curly brackets stand for symmetriza-
tion with respect to the enclosed indices.

Using the second-order operators ∆a, one can define a
pair of bilinear operations ( , )a,

(F, G)a = (−1)ε(G)(FG)∆a

−(−1)ε(G)(F∆a)G− F (G∆a). (12)

which form a set of antibrackets, similar to those introduced
in the Sp(2)-covariant formalism [1]. Thus, the operations
( , )a possess the Grassmann parity ε((F, G)a) = ε(F ) +
ε(G) + 1 and obey the symmetry property

(F, G)a = −(−1)(ε(G)+1)(ε(F )+1)(G, F )a,

as well as the Leibniz rules

(F, GH)a = (F, G)aH + (F, H)aG(−1)ε(G)ε(H),

(F, G){aDb} = (F, GD{a)b} − (FD{a, G)b}(−1)ε(G),

Da ≡ {∆a, Ua, V a} (13)

and the Jacobi identity

(F, (G, H){a)b}(−1)(ε(F )+1)(ε(H)+1)

+cycle(F, G, H) ≡ 0. (14)
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In general coordinates, the operators (10), (11) and
antibrackets (12) can be constructed [6, 10] in terms of a
scalar density ρ (x) and tensor fields ωij (x), gij (x) defined
on the base supermanifold M . At the same time, within the
superfield description [10] the objects ρ, ωij , gij are iden-
tified with some functions R, Ωij , Gij formally defined on
the larger supermanifold N . In contrast to the treatment
of [10], we shall present a superfield realization of (10)–(12)
in terms of extended counterparts of ρ, ωij , gij , inherently
defined on the supermanifold N . The corresponding quan-
tization procedure then follows the approach [10].

3.1 Extended realization

Let us equip the supermanifold N with an even scalar
density R(z), as well as with even tensor fields Gij(z) and
Ωij(z), the latter having the inverse3 Ωij(z), ε(Gij) =
ε(Ωij) = ε(Ωij) = εi + εj ,

ΩikΩkj(−1)εi = δj
i , ΩikΩkj(−1)εk = δi

j . (15)

We demand that the fields Gij(z) and Ωij(z), Ωij(z) obey
the following properties of generalized (anti)symmetry:

Gij = (−1)εiεj Gji,

Ωij = −(−1)εiεj Ωji ⇔ Ωij = −(−1)εiεj Ωji.

At the same time, we require that Ωij(z) and Ωij(z) be
covariantly constant with respect to the superfield deriva-
tive Di (η), namely,

ΩijDk = 0⇔ ΩijDk = 0. (16)

Using the objectsR(z), Ωij(z) and the derivativeDi(η),
one can construct a superfield Sp(2)-doublet ∆a of odd
second-order differential operators, acting as scalars on
the supermanifold N ,

←−
∆a =

∫
d2η η2 ∂r

←−D i

∂ηa

∂

∂η2

(←−D i +
1
2

(R←−D i)
)

, (17)

where Di(η) is a superfield derivative,

Di = DjΩ
ji ⇔ Di = DjΩji(−1)εj ,

which transforms as a vector on N . In accordance with
(12), the operators (17) generate a doublet of superfield
bracket operations:

(F, G)a = −
∫

d2η η2 ∂
(
FDi

)
∂η2

∂ (GDi)
∂ηa

(−1)εiε(G)

−(−1)(ε(F )+1)(ε(G)+1)(F ↔ G). (18)

3 In the supersymmteric case, the contraction rules for tensor
indices as well as the definition of a non-degenerate tensor can
be found in the monograph [12] and papers [6, 8].

Using the fields Gij(z) and Ωij(z), one can also equip
the supermanifold N with the superfield objects S0 and
Sab

S0 =
1
2

∫
d2η η2 ∂rz

i

∂ηa
Gij

∂rz
j

∂ηa
, ε(S0) = 0,

Sab = − 1
6

∫
d2η η2 ∂rz

i

∂ηa
Ωij

∂rz
j

∂ηb
, ε(Sab) = 0, (19)

invariant4 under local coordinate transformations, S̄0 =
S0, S̄ab = Sab. Here, S0 is an Sp(2)-scalar, whereas Sab

is an Sp(2)-tensor, symmetric with respect to its indices,
Sab = Sba.

UsingS0,Sab and the bracket operations ( , )a, we define
the Sp(2)-doublets of first-order odd differential operators
V a and Ua:

←−
V a = ( ·, Sab)b = − 1

2

∫
d2η η2 ∂

←−D i

∂η2

∂rz
i

∂ηa
, (20)

←−
U a = ( ·, S0)a =

∫
d2η η2


 ∂
←−D i

∂η2


Gij

∂zj

∂ηa
(−1)εi

+
1
2

∂rz
j

∂ηb

∂r

(
Gjk
←−D i

)
∂ηa

∂zk

∂ηb
(−1)εiεk


 (21)

+
1
2

∂r
←−D i

∂ηa

∂rz
j

∂ηb

∂
(
Gjk
←−D i

)
∂η2

∂rz
k

∂ηb
(−1)εi(εk+1)


 .

The objects in (17)–(20) are formally identical with
those arising in [10]. At the same time, the doublet of
first-order operators (21) is an extension of its counter-
part from [10]; namely, it contains an extra term with the
expression ∂r (GijDk) /∂ηa, related to the additional vari-
ables present in Gij .

By straightforward calculations (see Appendix A), tak-
ing into account the expressions (17) and (20) for ∆a, V a

and the properties (8) and (9) of the derivatives Di(η), one
can show that the triplectic algebra (10) is fulfilled if the
scalar density R(z) is chosen as

R = −log sdet
(
Ωij

)
, (22)

while the tensor fields Ωij(z) and Ωij(z) obey the Ja-
cobi identities

∂rΩij

∂zk
(−1)εiεk + cycle (i, j, k) = 0

⇔ Ωil ∂Ωjk

∂zl
(−1)εiεk + cycle (i, j, k) = 0, (23)

4 Despite the fact that the transformation law (6) for the
coordinates xi, θi

a, yi obviously does not result in a covariant
transformation for the superfields zi(η), the objects S0 and
Sab are scalars under (6) due to the presence of the multiplier
η2 in the corresponding integrands (19), which cancels the
non-covariant contributions from ∂zi

∂ηa
.
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and the curvature tensor (5) of the base supermanifold M
is zero:

M

R i
mjk = 0. (24)

Now that the triplectic algebra (10) and the related an-
tibrackets (12) havebeen explicitly constructed, theLeibniz
rules (13) and the Jacobi identity (14) are obviously ful-
filled. Due to (10), in order to complete the construction
of the modified triplectic algebra (11), it remains to ensure
the fulfillment of the relations involving the operators Ua.
In this respect, the definition (21), namely,

←−
U a = ( ·, S0)a,

as well as the just mentioned properties (13) and (14), im-
ply that the modified triplectic algebra (11) holds true in
case the function S0 is subject to

(S0, S0)a = 0, S0V
a = 0, S0∆

a = 0. (25)

The consistency of these equations is implied by the prop-
erties (10) and (12) of V a, ∆a and ( , )a, which are encoded
by the conditions (15), (16), (22), (23) and (24), imposed
on R, Ωij and on the base supermanifold M . The geo-
metric interpretation of conditions (23) will be given in
the following subsection, with allowance for (16) and (24).
Returning to (25), we note that they always possess non-
vanishing solutions (see Appendix B); however, since the
following treatment does not require any special choice of
such solutions, we merely assume that the relations (25)
are fulfilled.

3.2 Quantization rules

Having constructed an explicit realization of the differential
operators ∆a, V a, Ua and antibrackets ( , )a, we are in a
position to set up a quantization procedure. This procedure
repeats the BRST–antiBRST superfield covariant scheme
in general coordinates [10] and has the same features. Thus,
the vacuum functional is defined as

Z =
∫

dzD0 exp{(i/�)[W + X + αS0]}, (26)

with α being an arbitrary constant and the function S0
given by (19). The quantum action W = W (z) and the
gauge-fixing functional X = X(z) obey the quantum mas-
ter equations

1
2

(W, W )a + WVa = i�W∆a,

1
2

(X, X)a + XUa = i�X∆a. (27)

Integration in (26) goes over the components of supervari-
ables, dz = dxdθa dy, and the integration measure D0
reads

D0 =
[
sdet

(
Ωij

)]−3/2
. (28)

In (27), we use the operators

Va =
1
2

(αUa + βV a + γUa) ,

Ua =
1
2

(αUa − βV a − γUa) .

with the properties

V{aVb} = 0, U{aUb} = 0, V{aUb} + U{aVb} = 0,

that hold true for arbitrary values of the constant param-
eters α, β, γ, which implies that the operators ∆a, Va, Ua

also realize the modified triplectic algebra.
The integrand of (26) is invariant under extendedBRST

transformations, with the generators

δa = ( ·, W −X)a + Va − Ua,

which implies the independence of the vacuum functional
(26) from a choice of the gauge-fixing function X (for ar-
bitrary α, β, γ).

Let us establish a relation between [10] and the present
quantization scheme in more detail. To this end, we intro-
duce the notation

Ωij(z) ≡ ωij(x, θ, y), Gij(z) ≡ gij(x, θ, y),

R(z) ≡ ρ(x, θ, y),

and examine the special case ωij = ωij(x), g = gij(x),
which, in view of (22), implies ρ = ρ(x), so that the objects
ωij , gij , ρ are restricted to the base supermanifold M , as
in the formalism [10].

From (16) and (23), it follows that ωij(x) and its inverse
ωij(x) are subject to

ωij

M

∇k = 0⇔ ωij
M

∇k = 0, (29)

ωij,k(−1)εiεk + cycle (i, j, k) = 0

⇔ ωil∂lω
jk(−1)εiεk + cycle (i, j, k) = 0, (30)

and therefore ωij(x), ωij(x) are identical to the antisym-
metric fields of [10]. Geometrically, (30) implies that ωij(x)
and ωij(x) equip the base supermanifold M with an even
symplectic structure and with a Poisson bracket, respec-
tively [6]. At the same time, (29) ensures the covariant con-
stancy of the even differential two-form ω = ωijdxj ∧ dxi,
so that M is interpreted as an even Fedosov supermani-
fold [6,8], i.e., an extension of Fedosov manifolds [7,14] to
the supersymmetric case. We also observe that due to the
subsidiary condition (24) the Fedosov supermanifold M is
flat, as in the case of [10].

In the case ωij = ωij(x), gij = gij(x), the equalities
(17)–(22) and (28) imply that the functions S0,D0, the op-
erators ∆a, V a, Ua and the antibrackets ( , )a are reduced
to the corresponding ingredients of [10]. In this respect, we
note that Ua are reduced to their counterparts of [10] due
to the equality∫

d2η η2f(η)
∂ (GijDk)

∂ηa
= 0,

which holds for gij = gij(x), with an arbitrary function
f(η). Consequently, in the case of ωij(x), gij(x), (27) are
identical with the master equations of [10], and thus (26)
reduces to the vacuum functional of [10].
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4 Conclusion

We have presented a natural extension of the recently pro-
posedBRST–antiBRST superfield covariant scheme in gen-
eral coordinates [10]. Thus, the coordinate dependence of
the basic ingredients of [10], being the scalar density ρ and
tensor fields ωij , gij , has been extended to the complete
set of supervariables used in that formalism. In terms of
the extended objects, R, Ωij , Gij , we have explicitly real-
ized the differential operators ∆a, V a, Ua, subject to the
modified triplectic algebra, and constructed the related
antibracket operations ( , )a. The corresponding quantiza-
tion procedure follows [10] and has the same general fea-
tures. Thus, the formalism contains free parameters (α, β,
γ), whose arbitrary choice yields a gauge-independent vac-
uum functional and, consequently, a gauge-independent S-
matrix [15]. In the limit when the extended objectsR, Ωij ,
Gij are reduced to the original ingredients of [10], namely,
ρ, ωij , gij , the present quantization scheme becomes iden-
tical with the approach [10], and, therefore, reproduces
(for a specific choice of the parameters α, β, γ in Darboux
coordinates [6,10]) the previously known schemes [1–3] of
covariant BRST–antiBRST quantization. It appears inter-
esting to combine the considerations of the present work
with the ideas of the recent paper [11], which proposes to
enlarge the structure of a Fedosov supermanifold to the
case of superfield variables. Such an opportunity, however,
is impeded by the problem of a consistent superfield ex-
tension of connection coefficients [11].
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Appendix A: Triplectic algebra

Let us examine the algebra of the differential operators ∆a

and V a, as acting on scalars defined on the supermanifold
N . Using the expressions (1), (2) and (7), the properties
(8) and (9), and the definitions (17) and (20), we obtain

∆{a∆b}

= −
∫

d2η′d2η′′
{
Aij (η′, η′′)

∂rDj

∂η′′
a

∂Di

∂η′
b

+
1
2

∂rDi

∂η′c εc{a

[
Bjb}

i (η′, η′′)
∂Dj

∂η′′2 +
∂Dj

∂η′′2 B
jb}
i (η′, η′′)

− 1
2

εb}d ∂Dj

∂η′′d [Bij (η′, η′′)− (−1)εiεj Bji (η′, η′′)]

+
1
2
Bjb}

i (η′, η′′)
∂ (RDj)

∂η′′2

]}
η′2η′′2,

V {aV b}

= − 1
4

∫
d2η′d2η′′Aij (η′, η′′)

∂rz
j

∂η′′
a

∂zi

∂η′
b

η′2η′′2,

2
(
∆aV b + V b∆a

)
= −

∫
d2η′d2η′′

{
Aij (η′, η′′)

(
1
2

εabΩji +
∂rDi

∂η′
a

∂zj

∂η′′
b

)

+εab ∂Di

∂η′′2
∂

∂η′2

[
∂rΩ

ij

∂zj(η′)
+

1
2

Ωij (RDj(η′))
]

(−1)εj

− ∂Di

∂η′
a

(
1
2
Bij (η′, η′′)−

M

Γ k
ij,k (−1)εk(εi+εj+1) (A.1)

+
M

Γ k
jl

M

Γ l
ik (−1)εj(εi+εk)+εk(εi+1)

)
∂rz

j

∂η′′
b

}
η′2η′′2,

with the following notation:

Aij (η′, η′′) ≡ ∂

∂η′2
∂

∂η′′2 [Di(η′),Dj(η′′)] ,

Bia
j (η′, η′′) ≡ ∂ (RDj)

∂η′2
∂rDi

∂η′′
a

,

Bij (η′, η′′) ≡ ∂ (RDi)
∂η′2

∂Dj

∂η′′2 . (A.2)

We now subject the function R (z) to the equations(
∂rΩ

ij

∂zj(η)
+

1
2

Ωij ∂rR
∂zj(η)

)
(−1)εj = 0, (A.3)

which, in view of (15), are equivalent to

∂rR
∂zi(η)

= 2
∂rΩ

jk

∂zk(η)
Ωji(−1)εj+εk .

To solve these equations, we use the consequence of the
Jacobi identities (23)

Ωkj
∂rΩ

jk

∂zi(η)
+ 2

∂rΩ
jk

∂zk(η)
Ωji(−1)εj+εk = 0,

and obtain the equality

∂rR
∂zi(η)

= −Ωkj
∂rΩ

jk

∂zi(η)
. (A.4)

Thus, the function R (z) can be chosen as

R = −log sdet
(
Ωij

)
,

since its variation has the form

δR = −log sdet
(
Ωij + δΩij

)
+ log sdet

(
Ωij

)
= −log sdet

(
δi
j + (−1)εiΩikδΩkj

)
= −str

[
(−1)εiΩikδΩkj

]
= −ΩijδΩ

ji. (A.5)

From (1), (7), (16) and (A.5), it follows that

RDi (η)− ∂rR
∂zi (η)

(A.6)
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= Ωjk

∂r

(
ΩkjDl

)
∂ηa

∂zm

∂ηa
η2

M

Γ l
mi(−1)εm(εl+1) = 0 .

Then, due to (2), (7), (16) and (A.4), one obtains

1
2

∂ (RDi)
∂η2

= − 1
2

Ωjk
∂

∂η2

{
ΩkjDi

−η2

[
∂r

(
ΩkjDm

)
∂ηa

∂zn

∂ηa

M

Γ m
ni(−1)εn(εm+1)

−Ωkm
M

Γ j
mi(−1)εm(εj+1)

−Ωmj
M

Γ k
mi(−1)εm(εj+εk+1)+εjεk

]}

=
M

Γ j
ji(−1)εj . (A.7)

In view of (A.2), the properties (A.6) and (A.7) imply

Bia
j (η′, η′′) η′′2 = 0,

Bij (η′, η′′)− (−1)εiεj Bji (η′, η′′) = 0, (A.8)

Bij (η′, η′′) = 2
(

M

Γ k
ki,j −

M

Γ k
kl

M

Γ l
ij

)
(−1)εk .

Now, with the help of (5), (A.3) and (A.6)–(A.8), the ex-
pressions for ∆{a∆b} and ∆aV b + V b∆a in (A.1) can be
written as follows:

∆{a∆b}

= −
∫

d2η′d2η′′Aij (η′, η′′)
∂rDj

∂η′′
a

∂Di

∂η′
b

η′2η′′2,

2
(
∆aV b + V b∆a

)
= −

∫
d2η′d2η′′Aij (η′, η′′)

×
(

1
2

εabΩji +
∂rDi

∂η′
a

∂zj

∂η′′
b

)
η′2η′′2 (A.9)

+
∫

d2η′d2η′′ ∂Di

∂η′
a

M

R k
ikj

∂rz
j

∂η′′
b

η′2η′′2 (−1)εk(εi+1)
.

We recall that the commutator of derivatives Di(η), act-
ing on scalars defined on the supermanifold N , is given
by (9). Then, due to (A.1) and (A.9), we can see that if

the base supermanifold M is chosen to be flat,
M

R i
jkl = 0,

the supermanifold N admits an explicit realization of the
triplectic algebra (10). As a consequence, the bracket oper-
ations (18) obey the properties (13) and (14), so that these
operations can be interpreted as extended antibrackets.

Appendix B: Modified triplectic algebra

Let us examine the existence of non-vanishing solutions
to equations (25). To this end, we recall that the function
S0 has the form (19), whereas the operators ∆a, V a and
antibrackets ( , )a are given by (17), (18) and (20). Using
the properties (8) and (9) of the derivativesDi(η), we obtain
the equations

(S0, S0)a =
∫

d2η′d2η′′

× ∂rz
i

∂η′b
(
GijDk (η′′)

) ∂rz
j

∂η′
b

∂ (S0Dk)
∂η′′

a

η′2η′′2 (−1)εk(εj+1)

= 0,

S0V
a =

1
4

∫
d2η′d2η′′

× ∂rz
i

∂η′b
∂ (GijDk)

∂η′′2
∂rz

j

∂η′
b

∂zk

∂η′′
a

η′2η′′2 (−1)εjεk = 0,

S0∆
a =

∫
d2η′d2η′′

×
{

∂rz
i

∂η′
a

∂

∂η′′2

[(
GijDj

)
+

1
2

Gij

(RDj
)]

+
1
2

∂rz
i

∂η′
b

∂r

(
GijDk

)
∂η′′

a

∂zj

∂η′b
∂

∂η′′2

×
[
Dk +

1
2

(RDk)
]

(−1)εk(εj+1)
}

η′2η′′2 = 0. (B.1)

In view of the complexity of these relations, it is natural
to examine some simplified restrictions that ensure the
fulfillment of (B.1). For example, imposing the condition
of covariance

GijDk = 0⇔ GijDk = 0 (B.2)

and the subsidiary condition

Gij

(RDj
)

= 0⇔ Gij
∂rΩ

jk

∂zk
(−1)εk = 0, (B.3)

we can see that (B.1) become identities. Note that (B.3)
formally coincides with a subsidiary condition used in [10],
whereas the equivalence in (B.3) is due to (A.4) and (A.6).
The simplest example of solutions to (B.2) and (B.3) can
be found in the class

Gij = gij(y), Ωij = ωij(y),

where gij(y) and ωij(y) are arbitrary (in particular, con-
stant) functions of the auxiliary coordinates yi. Another
example may be found in the class of functions Gij = gij(x)
and Ωij = ωij(x),

gij∇k = 0, ωij
,j (−1)εj = ζi

(α), α = 1, . . . , m, m < 2n,

where ζi
(α) stand for a set of zero-eigenvalue eigenvectors of a

degenerate matrix gij . Since (B.2) and (B.3) are apparently
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not equivalent to the original set (B.1), the solutions of
(B.1) are not necessarily exhausted by those of (B.2) and
(B.3). For instance, in order to analyze the non-trivial
case of non-degenerate solutions Gij = gij(x) it may be
necessary to examine the original set of equations (B.1).
This problem could be tackled by the formalism of normal
coordinates recently used in [8] to investigate the structure
of Fedosov supermanifolds.
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